

























g , g 2 Fq[X ] d , d
X   g (g (X )) n f (X )
Fq Fqn = Fq(x) ⇠= Fq[X ]/(f (X )Fq[X ])
y = g (x) x = g (y) Fqn ⇠= Fq(x) ⇠= Fq(y)
{x   a | a 2 Fq} [ {y   b | b 2 Fq}
xy + ay + bx + c a, b, c 2 Fq
Fqn




g , g 2 Fq[X ] d , d
X   g (g (X )) n f (X )
Fq Fqn = Fq(x) ⇠= Fq[X ]/(f (X )Fq[X ])
y = g (x) x = g (y) Fqn ⇠= Fq(x) ⇠= Fq(y)
{x   a | a 2 Fq} [ {y   b | b 2 Fq}
xy + ay + bx + c a, b, c 2 Fq
Fqn




g , g 2 Fq[X ] d , d
X   g (g (X )) n f (X )
Fq Fqn = Fq(x) ⇠= Fq[X ]/(f (X )Fq[X ])
y = g (x) x = g (y) Fqn ⇠= Fq(x) ⇠= Fq(y)
{x   a | a 2 Fq} [ {y   b | b 2 Fq}
xy + ay + bx + c a, b, c 2 Fq
Fqn




g , g 2 Fq[X ] d , d
X   g (g (X )) n f (X )
Fq Fqn = Fq(x) ⇠= Fq[X ]/(f (X )Fq[X ])
y = g (x) x = g (y) Fqn ⇠= Fq(x) ⇠= Fq(y)
{x   a | a 2 Fq} [ {y   b | b 2 Fq}
xy + ay + bx + c a, b, c 2 Fq
Fqn




=) q !1 xy + ay + bx + c
Fq /(d + )! /(d + )!
=) d ⇡ d ⇡ pn
q = Lqn( / ,   / ) Lqn( / , / )
F F
d d
=) q !1 xy + ay + bx + c
Fq /(d + )! /(d + )!
=) d ⇡ d ⇡ pn
q = Lqn( / ,   / ) Lqn( / , / )
F F
d d
=) q !1 xy + ay + bx + c
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F F
d d
=) q !1 xy + ay + bx + c
Fq /(d + )! /(d + )!
=) d ⇡ d ⇡ pn
q = Lqn( / ,   / ) Lqn( / , / )
F F
d d
=) q !1 xy + ay + bx + c
Fq /(d + )! /(d + )!
=) d ⇡ d ⇡ pn




y = g (x) = xq
(y + b) = (x + b /q)q =) (y + b) = q (x + b /q)
xy + ay + bx + c
xq+ + axq + bx + c
Fqk




y = g (x) = xq
(y + b) = (x + b /q)q =) (y + b) = q (x + b /q)
xy + ay + bx + c
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Fqk
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Fqk
⇡ /q   /(q + )!
F F
k   X q+ + aX q + bX + c
ab 6= c aq 6= b
FB(X ) = X
q+
+ BX + B , B =
(b   aq)q+
(c   ab)q ,
X = c abb aq X   a
B 2 F⇥
qk
FB(X ) 2 Fqk [X ] Fqk
qk   
q   k ,
qk    q
q   k .
F F
k   X q+ + aX q + bX + c
ab 6= c aq 6= b
FB(X ) = X
q+
+ BX + B , B =
(b   aq)q+
(c   ab)q ,
X = c abb aq X   a
B 2 F⇥
qk
FB(X ) 2 Fqk [X ] Fqk
qk   
q   k ,
qk    q
q   k .
F F
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ab 6= c aq 6= b
FB(X ) = X
q+
+ BX + B , B =
(b   aq)q+
(c   ab)q ,
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F F
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g X   g (X q) ⌘ ( f (X ))
(f ) = n  qd
SB = {B 2 F⇥qk | X q+ + BX + B Fqk}
B = (b   aq)q+ /(c   ab)q a, b 2 Fqk
b 6= aq B 2 SB c 2 Fqk
xq+ + axq + bx + c Fqk
(a, b, c) yg (y) + ay + bg (y) + c
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SB = {B 2 F⇥qk | X q+ + BX + B Fqk}
B = (b   aq)q+ /(c   ab)q a, b 2 Fqk
b 6= aq B 2 SB c 2 Fqk
xq+ + axq + bx + c Fqk
(a, b, c) yg (y) + ay + bg (y) + c





g X   g (X q) ⌘ ( f (X ))
(f ) = n  qd
SB = {B 2 F⇥qk | X q+ + BX + B Fqk}
B = (b   aq)q+ /(c   ab)q a, b 2 Fqk
b 6= aq B 2 SB c 2 Fqk
xq+ + axq + bx + c Fqk
(a, b, c) yg (y) + ay + bg (y) + c





g X   g (X q) ⌘ ( f (X ))
(f ) = n  qd
SB = {B 2 F⇥qk | X q+ + BX + B Fqk}
B = (b   aq)q+ /(c   ab)q a, b 2 Fqk
b 6= aq B 2 SB c 2 Fqk
xq+ + axq + bx + c Fqk
(a, b, c) yg (y) + ay + bg (y) + c





g X   g (X q) ⌘ ( f (X ))
(f ) = n  qd
SB = {B 2 F⇥qk | X q+ + BX + B Fqk}
B = (b   aq)q+ /(c   ab)q a, b 2 Fqk
b 6= aq B 2 SB c 2 Fqk
xq+ + axq + bx + c Fqk
(a, b, c) yg (y) + ay + bg (y) + c






{(a, aq, c) | a 2 Fq c 2 Fq, c 6= aq+ }.
q (q   ) = q   q xq+ + axq + aqx + c
(a, aq, c)




q = l Fq n = q  
n | (q   )
g (X ) =  X X q  +  
/
Fq n






q = l Fq n = q  
n | (q   )
g (X ) =  X X q  +  
/
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Q(x) 2 F(qk )n D
y = xq
Q(x)q = Q(xq) = Q(y),
Q Q q
Q LQ
LQ = {(w ,w ) 2 Fqk [Y ] | w g + w ⌘ ( Q)}
LQ ( ,Q), ( , g ( Q))
(u , u ), (v , v ) ⇡ D/
r , s 2 Fqk [Y ] (w ,w ) 2 LQ
(w ,w ) =
 




F(qk )n y = xq x = g (y)
w (xq) x + w (xq) = w (y) g (y) + w (y),
Q(y) r , s
r , s /Q(y)
(D   ) =) Q
F F
Q(y) = y + q y + q 2 F(qk )n
LQ (u , u ), (v , v )
s 2 Fqk (w ,w )
(w ,w ) =
 
u + s v , u + s v
  2 LQ
(u (y) + sv (y))g (y) + (u (y) + sv (y))
d + /(d   )!
w (xq) x +w (xq)
xq+ + axq + bx + c
⇡ /q
F F
Q(y) = y + q y + q 2 F(qk )n
LQ (u , u ), (v , v )
s 2 Fqk (w ,w )
(w ,w ) =
 
u + s v , u + s v
  2 LQ
(u (y) + sv (y))g (y) + (u (y) + sv (y))
d + /(d   )!
w (xq) x +w (xq)
xq+ + axq + bx + c
⇡ /q
F F
LQ (Y + u , u ), (v ,Y + v )
xq+ + sxq + (u + sv )x + (u + sv )
B 2 SB B = (b   aq)q+ /(c   ab)q
s s 2 Fqk Fqk [S ]
B · (u + v S   (u S + v S ))q = (u + v S   Sq)q+ ,
Sq
k   S O(q qk) Fqk
⇡       (d   )! qk 
qk  > (d   )! Q(y)
O(q (d   )! qk) Fqk
F F
LQ (Y + u , u ), (v ,Y + v )
xq+ + sxq + (u + sv )x + (u + sv )
B 2 SB B = (b   aq)q+ /(c   ab)q
s s 2 Fqk Fqk [S ]
B · (u + v S   (u S + v S ))q = (u + v S   Sq)q+ ,
Sq
k   S O(q qk) Fqk
⇡       (d   )! qk 
qk  > (d   )! Q(y)
O(q (d   )! qk) Fqk
F F
LQ (Y + u , u ), (v ,Y + v )
xq+ + sxq + (u + sv )x + (u + sv )
B 2 SB B = (b   aq)q+ /(c   ab)q
s s 2 Fqk Fqk [S ]
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Sq
k   S O(q qk) Fqk
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F F
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F F
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Sq
k   S O(q qk) Fqk
⇡       (d   )! qk 
qk  > (d   )! Q(y)
O(q (d   )! qk) Fqk
F F
s 2 Fqk
B · (u + v s   (u s + v s ))q = (u + v s   sq)q+
Fqk/Fq { ,↵, . . . ,↵k  }
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n ⇡ qd q ⇡ d
Lqkn( / , ( / )
/ ) ⇡ LQ( / , . )
char(Fq) = n ⇡ qd q   d
LQ( / , ( / )
/ ) ⇡ LQ( / , . )
LQ( / , ( / )
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Lqkn( / , ( / )
/ ) ⇡ LQ( / , . )
char(Fq) = n ⇡ qd q   d
LQ( / , ( / )
/ ) ⇡ LQ( / , . )
LQ( / , ( / )
/ ) ⇡ LQ( / , . ).
F F
F
q = k = n =
Fq = F = F [T ]/(T + T + T + T + ) = F (t)
F = F(q ) = Fq [X ]/(X + t) = Fq (x)
y = x x = t/y
















q = k = n =
Fq = F = F [T ]/(T + T + ) = F (t)
F = F(q ) = Fq [X ]/(X + t) = Fq (x)
y = x x = t/y
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Fp Fp F F F
F
=)
F F F(q )q 
O(q ) O(q )
O(q ) O(q )
F(qk )q± k  
F=)
Fp Fp F F F
F
=)
F F F(q )q 
O(q ) O(q )
O(q ) O(q )
F(qk )q± k  
F=)
Fp Fp F F F
F
=)
F F F(q )q 
O(q ) O(q )
O(q ) O(q )
F(qk )q± k  
Fq = l n = q   F(qk )n
l \ k
# ⇡ qk  k   O(q k  )
k = , O(q k+ ) k  
k
O(q ) O(q ) O(q ) O(q ) O(q )
Fq = l n = q   F(qk )n
l \ k
# ⇡ qk  k   O(q k  )
k = , O(q k+ ) k  
k
O(q ) O(q ) O(q ) O(q ) O(q )
FF
F = F [T ]/((T + T + T + T + )F [T ]) = F (t)
F = F [W ]/((W + t)F [W ]) = F (w)
F = F [X ]/((X + w + )F [X ]) = F (x)
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X + BX + B /F
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X + BX + B /F
p =   . ⇥  
=)
  p = . ⇥  
.
Fh⇡g i = z /z z , z
, , ,





h⇡ = g =
FX q+ + BX + B
=) LQ( / + o( ))
X q   X
X q   X
F(qk )n k   n ⇡ q q !1
Lqkn( / , (!/ )
/ )
FX q+ + BX + B
=) LQ( / + o( ))
X q   X
X q   X
F(qk )n k   n ⇡ q q !1
Lqkn( / , (!/ )
/ )
FX q+ + BX + B
=) LQ( / + o( ))
X q   X
X q   X
F(qk )n k   n ⇡ q q !1
Lqkn( / , (!/ )
/ )
Q(x) x Q(x)
X q   X
PGL (Fqk )/PGL (Fq)
|PGL (Fqk )/PGL (Fq)| = (q k   qk)/(q   q) ⇡ q k 
k = q   q ⇡ q k 
k  
qk(qk   )(qk   {q, q })/(q   q) ⇡ q k 
Q(x) x Q(x)
X q   X
PGL (Fqk )/PGL (Fq)
|PGL (Fqk )/PGL (Fq)| = (q k   qk)/(q   q) ⇡ q k 
k = q   q ⇡ q k 
k  
qk(qk   )(qk   {q, q })/(q   q) ⇡ q k 
Q(x) x Q(x)
X q   X
PGL (Fqk )/PGL (Fq)
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k = q   q ⇡ q k 
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qk(qk   )(qk   {q, q })/(q   q) ⇡ q k 
Q(x) x Q(x)
X q   X
PGL (Fqk )/PGL (Fq)
|PGL (Fqk )/PGL (Fq)| = (q k   qk)/(q   q) ⇡ q k 
k = q   q ⇡ q k 
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qk(qk   )(qk   {q, q })/(q   q) ⇡ q k 
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PGL (Fqk )/PGL (Fq)
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qk(qk   )(qk   {q, q })/(q   q) ⇡ q k 
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PGL (Fqk )/PGL (Fq)
|PGL (Fqk )/PGL (Fq)| = (q k   qk)/(q   q) ⇡ q k 
k = q   q ⇡ q k 
k  
qk(qk   )(qk   {q, q })/(q   q) ⇡ q k 
l
lO( l)
Fqkn k   n ⇡ q
#
Fqkn
Fqkn = Fqk (x)
h 2 F⇥
qkn
h = (x + a ) · · · (x + am), ai 2 Fqk ,p
qk > n   m   n + n n/( qk   (n   ))
l
lO( l)
Fqkn k   n ⇡ q
#
Fqkn
Fqkn = Fqk (x)
h 2 F⇥
qkn
h = (x + a ) · · · (x + am), ai 2 Fqk ,p
qk > n   m   n + n n/( qk   (n   ))
l
lO( l)
Fqkn k   n ⇡ q
#
Fqkn
Fqkn = Fqk (x)
h 2 F⇥
qkn
h = (x + a ) · · · (x + am), ai 2 Fqk ,p
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l
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#
Fqkn
Fqkn = Fqk (x)
h 2 F⇥
qkn
h = (x + a ) · · · (x + am), ai 2 Fqk ,p
qk > n   m   n + n n/( qk   (n   ))
r F⇥ ·
. Mr q = k =
r F⇥ ·
. Mr q = k =
f (X ) n h (X ), h (X )
h (X )X q   h (X ) ⌘ ( f (X ))
r F⇥ ·
. Mr q = k =
r F⇥ ·
. Mr q = k =
f (X ) n h (X ), h (X )
h (X )X q   h (X ) ⌘ ( f (X ))
r F⇥ ·
. Mr q = k =
r F⇥ ·
. Mr q = k =
f (X ) n h (X ), h (X )
h (X )X q   h (X ) ⌘ ( f (X ))
f (X ) n
h (X ), h (X )
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